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Abstract
Ember transport and the subsequent development of spot fires is a significant mode of wildfire spread, particularly in
extreme conditions. An important simplifying assumption made in early research into ember transport is the terminal-velocity
assumption, in which embers are assumed to always fly at their terminal velocity relative to the wind field. With increases
in computational power, it is now possible to directly simulate the atmospheric conditions resulting from wildfires and such
simulations can resolve the larger of the turbulent processes involved. Because of the time-scales at which these processes
occur, the terminal-velocity assumption may not be justified when modelling ember transport using these simulations. In
this study we use a large eddy simulation of a turbulent plume to examine the validity of the terminal-velocity assumption
when modelling the long-range transport of non-combusting embers. The results indicate that the use of the terminal-velocity
assumption significantly overestimates the density of ember landings at long range, particularly for embers with higher terminal
fall speeds.
c 2019 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
⃝
reserved.
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1. Introduction
1.1. Early work and the terminal velocity assumption
Early workers researching ember transport used a combination of empirical and analytical techniques with
suitable simplifying assumptions. Using the quadratic drag law for high Reynolds-number flow [2], Tarifa and
del Notario [13] wrote down the equations of motion of an ember moving with velocity u in a wind field with
velocity w as
Cd ρ A
du
=
|w − u|(w − u) − gk
dt
2m

(1)
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where Cd is the ember’s drag coefficient, ρ is the atmospheric density, m is the mass of the ember, A its projected
area in the direction of the relative wind velocity w − u, and k is the unit vector in the z-direction; see also [14]. In
deriving Eq. (1) it was assumed that the drag force acts through the centre of mass of the particle and that the lift
force, i.e. the aerodynamic force perpendicular to the direction of the relative wind, is zero. Each of the quantities
in the expression α ≡ Cd ρ A/2m may vary as the particle moves within the atmosphere, changes orientation with
respect to the relative wind w − u, and loses mass and changes geometry through combustion. However, under the
assumption that α and w are constant, and choosing the x-direction parallel to w − u, Tarifa and del Notario [13]
wrote Eq. (1) as a system of two equations and obtained its analytical solution. They showed that for values of α
typical of an ember the solution rapidly (i.e. within a few seconds) approaches the asymptotic solution
√
2mg
u∞ = w −
k
(2)
Cd ρ A
√
where u ∞ ≡ 2mg/Cd ρ A is the terminal (fall) speed of the ember. Since changes in ember characteristics due to
combustion occur at longer time scales than a few seconds, Tarifa and del Notario [13] concluded that for constant or
slowly-varying wind conditions there was little error in assuming that embers always travel at their terminal velocity
u∞ . This so-called terminal-velocity assumption greatly simplifies analytical work and was used extensively by early
researchers, either because of the lack of high-speed computing resources or in order to produce simple models of
potential spotting distance for use in the field (e.g. [1,14]).
1.2. Aerodynamic lift and rotational motion
Eq. (1) is not the most general equation of motion that can be applied: it neglects the effects of rotation and
aerodynamic lift which occur for non-spherical embers, as well as some subtle effects related to unsteady flow [9].
In very small-scale wind-tunnel experiments, Wadhwani et al. [22] found that simulations based on Eq. (1) could
reproduce empirical landing distributions of cubiform (essentially spherical) particles but not those of cylindrical
particles. Some authors have incorporated aerodynamic lift into the equations of motion, but with simplifications
such as assuming that the lift force has no horizontal component, or that the ember maintains a constant angle of
attack with respect to the relative wind (e.g. [6,10]). However a complete treatment of lift and rotation requires
a set of equations that describe the translational and rotational motion of an ember with 6 degrees of freedom
(DoF). Richards et al. [9] used a wind tunnel to measure, under conditions of steady flow, the normal forces and
turning moments on fixed plates and rods, and used these coefficients in a set of 6-DoF equations to validate
qualitatively the predicted trajectories of plates and rods against those observed in wind-tunnel experiments. Using
drop-fall and wind-tunnel experiments, and simulations with a large eddy model (LEM), Tohidi and Kaye [19,20,21]
validated statistically the use of these steady coefficients. Himoto and Tanaka [5] used 6-DoF equations of motion
and a LEM to simulate the transport of disc-shaped embers in a turbulent boundary layer into which a static heat
source had been introduced, using normal forces and turning moments obtained experimentally by Tachikawa and
Fukuyama [12]. These were small-scale simulations on a domain of 124 × 50 × 50 cells (x × y × z). Oliveira
et al. [8] used a 6-DoF model for cylindrical embers, with semi-empirical expressions for the drag coefficients and
turning moments, and validated this model qualitatively using drop tests in still air. In numerical simulations of
the fall of a cylindrical ember from 200 m in a non-turbulent wind field with a logarithmic profile, they found
that travel distances depended significantly on the initial orientation of the ember [8], underlining the point that
rotational motion has an effect on ember trajectories.
1.3. This study
The studies discussed in Section 1.2 were all at small scales whereas this paper is concerned with the simulation
of long-range ember transport in turbulent plumes. The results of [8,19,21,22] indicate that Eq. (1) (and therefore
Eq. (2)) is not sufficient to model the short-range transport of non-spherical embers. However it is not known
how these results scale to long-range ember transport. For example, while the results in [8] show that initial
orientation has a significant effect on the modelled travel distance of cylindrical embers falling 200 m in a horizontal
wind field, it is not clear how important the initial orientation will be when calculating the landing distribution of
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embers travelling more than 10 km in a turbulent plume. The use of a full 6-DoF model for simulations of longrange transport is likely to be computationally demanding and the appropriate level of model complexity for such
simulations is not obvious. In this paper we make steps in this direction. We do not consider rotational motion, but
focus on the differences between Eqs. (1) and (2).
It is now possible to numerically model at landscape scales the atmospheric conditions associated with wildfires
and these models can resolve the larger turbulent processes involved. Thurston et al. [17] made what may be the
first numerical study of long-range ember transport, using a LEM to simulate a turbulent plume and modelling the
transport of embers over distances of up to 20 km. They made a strong form of the terminal-velocity assumption,
using Eq. (2) with a constant terminal-fall speed u ∞ . However the wind fields generated in such a model can
change at time scales shorter than the time it takes for the solution of Eq. (1) to relax to Eq. (2), and this calls
into question the validity of the terminal-velocity assumption when modelling ember transport in this context.
Previously Koo et al. [6] found that, in numerical modelling of ember transport from grass fires, the use of the
terminal-velocity assumption significantly underestimated the distance that embers were transported compared with
simulations which accounted for the momentum of the embers (as does Eq. (1)). This modelling was done at small
to medium scales (the computational domain was 640 × 320 × 615 m) and they attributed their results to the fact
that due to their momentum embers ‘can fly faster than their immediate-surrounding winds’ [6]. While this is true,
for the same reason they can also fly more slowly, or in the opposite direction. It is not clear whether the use of
the terminal-velocity assumption results in a systematic bias in travel distances when modelling long-range ember
transport.
In the current study we perform large-scale LEM simulations of a turbulent plume resulting from a static heat
source in a turbulent boundary layer, similar to those of Thurston et al. [17]. We then carry out ember transport
calculations with and without making the terminal-velocity assumption and compare the results. We do not examine
individual ember trajectories but focus on the density of ember landings, both because this allows us to treat a large
number of embers (∼ 3 × 106 ), and because this density is an important determinant of the likelihood of spot-fire
ignition. It is not our intention to produce realistic ember-landing distributions; for one thing our simulations do not
include the effects of in-flight combustion which will have a significant effect on ember trajectories. Rather, we are
trying to assess whether the terminal-velocity assumption is justified when modelling long-range ember transport
in turbulent wind fields.
This paper is based on work presented at the 22nd International Congress on Modelling and Simulation [16]. In
the current study we have extended the simulations to include embers with a 3 m s−1 terminal fall speed, randomised
the initial positions of the simulated embers, and made an analysis of the accuracy and stability of the numerical
scheme. We have also provided more details on the structure of the simulated turbulent plume, and on the historical
context in which the work lies.
2. The model
2.1. Large eddy simulation of turbulent boundary layer
In the first stage of the modelling the Weather Research and Forecasting (WRF) atmospherical model [11] was
used in LEM mode to spin up a turbulent boundary layer in a domain of 40 × 16 × 12 km (x × y×z). The horizontal
resolution of the computational grid was 50 m, and the vertical coordinate system consisted of 256 levels spaced
at approximately 10 m at the surface, increasing to approximately 50 m at the model top. In practice the vertical
spatial resolution may vary slightly during a simulation because of the pressure-based vertical coordinate system
used by the WRF model [11].
Periodic boundary conditions were used for the lateral (x-y) boundaries so that developing turbulent eddies are
recycled as they are advected across the downwind boundary. This allows the simulated development of a sheardriven turbulent boundary layer without necessitating a prohibitively large computational domain. A 1000 m deep
Rayleigh-damping layer was used at the top of the model domain. Turbulence was parametrised using a 1.5-order
turbulent kinetic energy (TKE) scheme.
The model was initialised with a 3-km-deep dry-adiabatic layer with an almost constant potential temperature
of θ = 300 K. Small random perturbations of θ were introduced in this layer to stimulate the development of
turbulence. This dry-adiabatic layer was topped by a stable layer with a lapse rate of 3 K per km. The initial wind
profile consisted of a constant value of wx = 15 m s−1 over the entire model depth, with w y = wz = 0.
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Fig. 1. (a) Evolution of total (subgrid scale + resolved) turbulence kinetic energy (TKE) during the spin-up phase of the simulation. The
grey lines show the level-averaged TKE hourly for the first 9 h. The black lines (almost identical) show the level-averaged TKE at t =
10:00 and t = 11:00 h. (b) Level-averaged x-component of wind field, wx , at t = 10:00 h, immediately prior to application of sensible heat
flux.

The model was run for 10 h of model time after which a turbulent boundary layer had developed; the vertical
profile of TKE had stabilised (Fig. 1(a)), and the level-averaged value of wx had assumed the vertical profile seen
in Fig. 1(b), consistent with a shear-driven turbulent boundary layer [7].
2.2. Development of simulated plume
Once a turbulent boundary layer had developed, a plume was simulated by introducing a heat source at the
lower boundary of the model domain. This was done by modifying the WRF-Fire code [3] which, during a coupled
atmosphere-fire simulation, inputs sensible and latent heat fluxes to the WRF atmospheric model. In the full WRFFire model these fluxes are derived from a semi-empirical fire-spread submodel; our modified code simulates a static
heat flux. Following Thurston et al. [18] (see also [17]) we used a circular surface sensible-heat-flux anomaly, with
intensity 105 W m−2 and radius 250 m, located 2 km inside the upwind boundary of the computational domain. In
common with Thurston et al. [17], no latent heat (i.e. moisture) flux was assumed. While the inclusion of such a flux
may or may not alter the modelled ember landing distributions, we would not expect it to alter the conclusions of
this paper which is concerned with differences in ember landing distributions under various transport assumptions.
To allow the plume to develop and stabilise the simulation was continued for 1 h of model time. The simulation
was then continued for another hour during which data were collected at 5-s intervals; it is these data that were
used to compute ember trajectories. Fig. 2 shows cross sections of the turbulent wind field within the plume at the
beginning of this period. The structure of the plume is consistent with that simulated by Thurston et al. [17] (their
Fig. 1). The leading edge exhibits a series of thermals which rise above the main part of the plume (Fig. 2(a)),
some of which extend above the mixed layer which ends at 3 km. Vertically-oriented vortical structures are evident,
for example at coordinates (8, 8.5) in Fig. 2(b), and (10.5, 8.5) in Fig. 2(c).
2.3. Ember trajectory computations
2.3.1. Preliminaries
In their work, Thurston et al. [17] assumed ember velocities of the form
u = w − u∞k

(CTVA)

with a constant value of u ∞ . We will refer to Eq. (CTVA) as the constant terminal-velocity assumption. This is
a rather strong form of the terminal-velocity assumption because according to Eq. (2) the terminal velocity of an
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Fig. 2. Vertical and horizontal cross sections through the plume at t = 11:00:00 h, the time at which ember release begins. Vertical velocity
is indicated by the colour scale. The vectors represent the horizontal velocity perturbations from the level-averaged values of Fig. 1(b). The
locations of the cross sections are indicated by dashed lines.

ember depends on, among other things, the atmospheric density ρ. In this study we interpret the constant u ∞ in
Eq. (CTVA) as the terminal fall speed of an ember at some reference atmospheric density ρ0 , so that
√
2mg
.
(3)
u∞ =
C d ρ0 A
One might think of ρ0 as the atmospheric density at the location of the experiments used to determine u ∞ , and in
this study we use ρ0 = 1.16, the approximate atmospheric density at sea level. This is a reasonable but arbitrary
choice; changes in the value of ρ0 are equivalent to a scaling of the value of u ∞ . Using Eq. (3) we can rewrite
Eq. (1) as
du
ρ 1
=g
|w − u|(w − u) − gk.
dt
ρ0 u ∞ 2

(NTVA)

In this case no terminal velocity assumption is made. The differences between motion under Eqs. (CTVA) and
(NTVA) are twofold: Eq. (NTVA) takes into account both the momentum of the embers and changes in ρ. The term
ρ/ρ0 in Eq. (NTVA) can be significantly different from unity both at higher altitudes and within the plume and it is
likely that this will be an important factor contributing to any differences in ember motion under Eqs. (CTVA) and
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(NTVA). An intermediate formulation which isolates this effect can be found by substituting Eq. (3) into Eq. (2)
giving
√
ρ0
u∞ = w −
u ∞ k.
(VTVA)
ρ
This is the asymptotic solution of Eq. (NTVA) and we will refer to it as the variable terminal-velocity assumption.
The terminal fall speed u ∞ of the ember at the reference atmospheric density ρ0 is the only explicit ember
characteristic appearing in each of Eqs. (CTVA), (VTVA), and (NTVA). This makes it convenient to compare motion
under these three equations since we need only specify a set of embers with initial positions x0 and terminal fall
speeds u ∞ and apply each of Eqs. (CTVA), (VTVA), and (NTVA) to compute the trajectories of the embers in that
set.
For non-spherical embers the quantities Cd and A in Eq. (3) depend on the direction of the relative wind velocity
w−u. It is implicit in our formulation that these quantities remain constant during ember transport. This amounts to
assuming that the ember always has the same orientation with respect to w − u, or that it adopts such an orientation
over time scales much smaller than those over which w − u changes. This assumption is similar in nature to the
terminal-velocity assumption. The investigation of its validity for long-range ember transport is beyond the scope
of this paper, however we note that it is supported to some extent by the studies of Ellis [4] and Tarifa et al. [15];
in drop tests embers either assumed an orientation of maximum drag, or tumbled but fell at a speed as if they
had assumed such an orientation (but see the discussion in Section 1.2). Some numerical studies, including those
of Himoto and Tanaka [5] and Oliveira et al. [8], include the rotational terms in the equations of motion.
2.3.2. Ember initialisation
In our modelling embers were released every 5 s for the first 30 min of the ember transport phase of the
simulations. Embers were initialised at heights between 5 and 50 m, at locations where wz > 5 m s−1 . Within
these constraints the initial positions of embers were chosen randomly with an average separation of 5 m. These
parameters are somewhat arbitrary however it should be remembered that the purpose of the current study is
not to simulate realistic ember landing distributions, but to compare the differences in simulated ember landing
distributions using three different ember transport assumptions. That being said, the range of release heights (5 to
50 m) seems reasonable having regard to the vertical grid resolution near the surface (∼ 10 m) and the height
of tall eucalypt forests. The requirement of a minimum vertical wind velocity of 5 m s−1 for ember launch also
seems reasonable given the range of terminal velocities considered (3 to 8 m s−1 ). The parameter controlling average
separation (set at 5 m) does not represent a known empirical fact or reasonable estimate, but was used to control
the number of embers released in the numerical experiments; with these settings 3,280,660 embers were released in
the first 30 min of the simulation, and tests showed that increasing the number of embers by reducing the average
separation did not substantially alter the results. Because the initial positions are randomised it was not necessary to
also randomise ember release times: if {tn } is the sequence of regular release times then, conceptually, the position
of an ember released at a random location and time can be integrated forward or backward in time to another
essentially random location at the nearest regular release time ti . Consequently one can view the embers as in
essence being released at random times throughout each 5-s period.
Embers were assigned terminal fall speeds of u ∞ = 3, 6, and 8 m s−1 . These values are consistent with those
from previous experimental and numerical studies: Ellis [4] measured terminal velocities in the range of 2.5 to 8
m s−1 for samples of eucalyptus bark, and Thurston et al. [17] modelled ember transport for u ∞ = 5, 6, 7, 8 and 9
m s−1 . The same set of ember initial locations and starting times was used for each choice of u ∞ .
Fig. 3 depicts embers in flight, modelled using Eq. (NTVA) with u ∞ = 6 m s−1 .
2.3.3. Numerical methods
The standard Runge–Kutta explicit second-order scheme (RK2) was used to compute trajectories under
Eqs. (CTVA), (VTVA) and (NTVA). Thus for Eq. (VTVA), if xt0 is the estimate of the position of an ember
at time t0 , we first compute a temporary estimate at time t0 + δt/2,
(
)
√
ρ0
δt
x∗ = xt0 + w(xt0 , t0 ) −
u∞k
,
ρ(xt0 , t0 )
2
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Fig. 3. Modelled embers in flight (black points), and after landing (grey points), 15 min into the ember transport phase of the modelling.
In this case trajectories were computed using Eq. (NTVA) with u ∞ = 6 m s−1 . Only part of the computational domain is shown.

and then estimate x at time t0 + δt as
(
√
∗
xt0 +δt = xt0 + w(x , t0 + δt/2) −

)
ρ0
u ∞ k δt.
ρ(x∗ , t0 + δt/2)

Here, w(x, t) and ρ(x, t) are interpolated linearly in time and space from the LEM output (Section 2.2). The method
for Eq. (CTVA) is the same but with ρ0 /ρ ≡ 1. Eq. (NTVA), which is of second order, was converted to a first-order
system in the usual way:
dx
=u
dt
du
= a(u, x, t)
dt
where
a(u, x, t) = g

ρ(x, t) 1
|w(x, t) − u|(w(x, t) − u) − gk.
ρ0 u ∞ 2

(4)

If xt0 and ut0 are estimates of the position and velocity of an ember at time t0 then we compute in turn:
x∗ = xt0 + ut0

δt
2

u∗ = ut0 + a(ut0 , xt0 , t0 )
xt0 +δt = xt0 + u∗ δt

δt
2

ut0 +δt = ut0 + a(u∗ , x∗ , t0 + δt/2)δt.
A time step of δt = 0.05 s was used to integrate Eqs. (CTVA) and (VTVA), with δt = 0.01 s used for
Eq. (NTVA). This choice of numerical method and time step is discussed further in Section 3.3. The initial
conditions for Eqs. (CTVA) and (VTVA) are simply x(t0 ) = x0 , where t0 is the ember release time and x0 is
the initial position of the ember (Section 2.3.2). The initial conditions for Eq. (NTVA) were taken to be x(t0 ) = x0 ,
u(t0 ) = w(x0 , t0 ) − u ∞ k. Thus in all cases the ember is assumed to be initially travelling at approximately its
terminal velocity (neglecting the factor ρ0 /ρ). In practice, because of the rapid approach to terminal velocity, the
precise choice of initial velocity will have little overall effect on the results.
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Fig. 4. Location and density of ember landings for embers with u ∞ = 6 m s−1 under: (a) the constant terminal-velocity assumption;
(b) the variable-terminal-velocity assumption; and (c) no terminal-velocity assumption. Only embers that were transported at least 1 km
under all three assumptions are included; 875,108 in total. Colours represent the density of landings per km2 as a proportion of the total
landings, computed using a Gaussian kernel density estimator. The circle shows the location and extent of the heat source used to generate
the plume. Only part of the computational domain is shown.

3. Results and discussion
3.1. Results
Fig. 4 shows the two-dimensional landing distributions under the three transport assumptions for embers with
u ∞ = 6 m s−1 . The points are coloured according to the density of landings at each location, estimated using
a Gaussian kernel density estimator. Travel distances, and the density of embers travelling long distances, are
clearly higher under the constant terminal-velocity assumption than those computed without any terminal-velocity
assumption, with those computed using the variable terminal-velocity assumption assuming intermediate values.
Fig. 4 is difficult to interpret quantitatively so we focus now on travel distances rather than two-dimensional
landing distributions. Fig. 5 shows the estimated probability distributions of travel distances for embers with u ∞ = 3,
6, and 8 m s−1 under the three transport assumptions (note that the horizontal scale differs in each panel). For
u ∞ = 6 and 8 m s−1 (Fig. 5(b) and (c)), motion under the constant terminal-velocity assumption results in a
significantly higher density of embers flying longer distances than when no terminal-velocity assumption is used
(when interpreting Fig. 5 one should note the logarithmic scale on the vertical axis). For example, in Fig. 5(b),
the density of embers travelling 15,000 m is approximately 14 times higher under the constant terminal-velocity
assumption, and approximately 5 times higher under the variable terminal-velocity assumption, than it is if no
terminal-velocity assumption is used. This is an important finding. In reality, not every ember that lands will ignite
a spot fire; any modelling of spot-fire development will almost certainly be partly stochastic with the probability
of ignition dependent on, among other things, ember landing densities. If this type of direct simulation of ember
trajectories was used to model spot-fire development then these results indicate that the use of the constant terminalvelocity assumption would result in a significantly higher modelled probability of long-range spot-fire ignition. This
is undesirable from a scientific point of view, and in an operational setting could result in sub-optimal choices for
the allocation of suppression resources.
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Fig. 5. Gaussian kernel density estimates of the probability distributions of travel distances for embers with: (a) u ∞ = 3 m s−1 ,
(b) u ∞ = 6 m s−1 , and (c) u ∞ = 8 m s−1 . These can be converted into ember landing densities by multiplying by the number of
embers. Only embers that have travelled further than 1 km under all three assumptions are included in the estimates. Note the scales on
the x-axes differ.

How does the value of u ∞ affect the results? For small values of u ∞ the coefficient 1/u ∞ 2 in Eq. (NTVA) is
larger, so that the damping effect of the drag force is larger and the ember will approach its terminal velocity more
quickly. Thus we expect smaller differences between motion under the variable terminal-velocity assumption and
no terminal-velocity assumption. This is in agreement with Fig. 5(a) which shows distributions of travel distances
when u ∞ = 3 m s−1 . There are still significant differences between motion under Eqs. (NTVA) and (CTVA); the
latter neglects the effects of atmospheric density on the terminal fall speed.
3.2. Comparison with earlier study
In their study of short-range ember transport Koo et al. [6] found that using the terminal-velocity assumption
underestimated ember transport distances and they attributed this to ‘the notion of a firebrand being thrown by
locally strong winds’ when momentum is included in the equations of motion. This cannot be a major factor in the
long-range transport of embers because an ember that has been ‘thrown’ will, within a few seconds, achieve terminal
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Fig. 6. Gaussian kernel density estimates of the probability distributions of travel distances using various time steps and numerical schemes
for embers with u ∞ = 3 m s−1 .

velocity with respect to the wind field; embers cannot be thrown a long way. In our study embers are transported
long distances because they are held aloft by the plume. When they leave the plume they fall to the ground, all the
while being transported by the ambient wind. When modelled without the terminal-velocity assumption, embers
have momentum and will not react instantaneously to changes in the turbulent wind field. This makes them more
likely to leave the plume earlier, because they are more likely to either fall out if they do not respond quickly
enough to an updraft that would keep them in the plume, or be thrown out by local turbulent motions.
3.3. Stability and accuracy of numerical scheme
The RK2 scheme (Section 2.3.3) was numerically unstable when attempting to integrate Eq. (NTVA) with u ∞ = 2
m s−1 and δt = 0.05 s (results for u ∞ = 2 m s−1 are not presented here). Eq. (NTVA) appears to be quite stiff,
requiring very small time steps for smaller values of u ∞ . We were able to integrate Eq. (NTVA) with u ∞ = 2
m s−1 using RK2 with δt = 0.01 s, however this raises questions as to the accuracy of this scheme. To assess this
we compared the results for Eq. (NTVA) integrated using RK2 with those obtained using the standard fourth-order
Runge–Kutta scheme (RK4), which was implemented as follows: if xt0 and ut0 are estimates of the position and
velocity of an ember at time t0 then, with a(u, x, t) as defined by Eq. (4), we set a0 = a(ut0 , xt0 , t0 ) and compute
δt
,
2
δt
= xt0 + u∗ ,
2
= xt0 + u∗∗ δt,

x∗ = xt0 + ut0
x∗∗
x∗∗∗

δt
,
2
δt
= ut0 + a∗ ,
2
= ut0 + a∗∗ δt,

u∗ = ut0 + a0
u∗∗
u∗∗∗

δt
),
2
δt
= a(u∗∗ , x∗∗ , t0 + ),
2
= a(u∗∗∗ , x∗∗∗ , t0 + δt),

a∗ = a(u∗ , x∗ , t0 +
a∗∗
a∗∗∗

and finally
)
1(
ut0 + 2u∗ + 2u∗∗ + u∗∗∗ δt,
6
)
1(
= ut0 +
a0 + 2a∗ + 2a∗∗ + a∗∗∗ δt.
6

xt0 +δt = xt0 +
ut0 +δt

Results of the comparison for embers with u ∞ = 3 m s−1 are depicted in Fig. 6. For Eq. (NTVA), there was good
agreement between RK2 and RK4, using δt = 0.01 s. There is a slight difference at the tail of the distributions;
this region contains few landing positions and the kernel density estimator is sensitive to slight differences in that
region. RK2 with δt = 0.05 s is clearly not accurate.
Numerical stability is not at issue when integrating Eqs. (CTVA) and (VTVA). To assess the accuracy of the
RK2 scheme for these equations, we compared results using δt = 0.05 and 0.01 s. Fig. 6 shows the results for
Eq. (CTVA); they appear identical. A similar result was obtained for Eq. (VTVA) (not shown). In fact we could
probably have used a larger value of δt with little loss of accuracy since, numerically, the right hand sides of
Eqs. (CTVA) and (VTVA) are piecewise linear functions because they are interpolated linearly from the LEM data.
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In this study the explicit, fixed time step Runge–Kutta schemes RK2 and RK4 were chosen primarily because
of the ease with which they can be implemented. In a more comprehensive study, or in an operational setting,
they may not prove to be the best choice, particularly for Eq. (NTVA) where an adaptive time step scheme or
an implicit scheme might be more appropriate. Whatever numerical schemes are used, it is likely that ember
trajectory calculations will be more computationally expensive if the terminal-velocity assumption is not made.
This is certainly true for the RK2 scheme used in this study. Computational demand is not the focus of this paper
although it will be an important consideration for large-scale modelling or in an operational setting.
4. Conclusion
In this study the validity of the terminal-velocity assumption was examined by simulating ember transport
using data from a large eddy simulation of a turbulent plume. Two versions of the terminal-velocity assumption
were studied: the constant terminal-velocity assumption, which neglects both ember momentum and variations in
atmospheric density; and the variable terminal-velocity assumption, which neglects ember momentum but takes into
account the atmospheric density at the location of the ember. We compared ember landing distributions computed
under these assumptions with those computed using the equations of motion derived from the quadratic drag law,
in which both ember momentum and atmospheric density are accounted for. Rotational motion of the embers was
not considered, nor were the effects of in-flight combustion. We found that simulations using either version of the
terminal-velocity assumption overestimated the density of long-range ember landings compared with simulations in
which the terminal-velocity assumption is not made. This effect is greater for those embers with higher terminal
fall speeds, and it is greater for the constant terminal-velocity assumption, which does not account for variations
in atmospheric density. In our simulations embers were transported long distances because they were held aloft for
long periods of time by the turbulent plume. If the terminal-velocity assumption is not used then the momentum
of an ember increases the likelihood of it falling out of the plume, or being thrown out, because it does not react
instantaneously to changes in the turbulent wind field; embers leave the plume earlier, and are not transported as
far.
Although we did not include the effects of in-flight combustion on ember motion, it is likely that the results
would be similar if these effects were considered. This is because changes to the flight characteristics of embers
due to combustion occur on much longer time scales than the turbulent motion in the wind field. However further
study needs to be done in order to characterise the effects of in-flight combustion and initial release heights on the
observed landing distributions, particularly in light of the long flight times involved in long-range ember transport,
and because initial release heights can affect flight times and therefore the potential for mass loss and aerodynamic
changes.
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